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Abstract. We show that the self-dual Yang- Mills equations afford supersymmetrisation to 
systems of equations invariant under global iV-extended super-Poincare transformations for 
arbitrary values of N, without the limitation (N < 4) applicable to standard non-self-dual 
Yang-Mills theories. These systems of equations provide novel classically consistent interac- 
tions for vector supermultiplets containing fields of spin up to . The equations of motion 
for the component fields of spin greater than | are interacting variants of the first-order Dirac- 
Fierz equations for zero rest-mass fields of arbitrary spin. The interactions are governed by 
conserved currents which are constructed by an iterative procedure. In (arbitrarily extended) 
chiral superspace, the equations of motion for the (arbitrarily large) self-dual supermulti- 
plet are shown to be completely equivalent to the set of algebraic supercurvature constraints 
defining the self-dual superconnection. 

1 Introduction 

1.1 It is widely believed that massless fields of spin greater than two cannot be consistently 
coupled to lower spin fields. This belief is based on the paucity of appropriate conserved 
charges. In the case of the free Maxwell equations for a set of spin one fields, d^F^ u = 0, a = 
l...n, conceivable interactions are introduced via source currents, 

d^ v =f v . (1) 

Consistency then requires the conservation of these currents, 

Vf v = , (2) 

since d ii d v F^ lv = in virtue of the antisymmetry of F^ u . These conservation laws are related 
to the gauge invariance of the Maxwell equations Further analysis shows that for mass- 
less vector fields the only consistent equations for interacting spin-one fields without higher 
derivatives are the Yang-Mills equations H. Similarly, for a massless symmetric tensor field 
||] , the only classically consistent theory Q is the Einstein theory of gravity, with a conserved 
stress tensor as the source of interactions. Consistent coupling of massless spin 2 fields with 
spin | fields yields the supergravity equations, with conserved spin-vector currents as sources 



of gravitino fields. There are not many examples of classically consistent relativistic equations 
for interacting massless fields of spin greater than two. Consistent light-cone frame interact- 
ing theories of higher spin fields with arbitrarily extended supersymmetry do however exist 
P|. Furthermore, consistent systems of infinitely many fields of every (half-) interger spin are 
known from string theories and otherwise (e.g. |]]). 

We shall show in the present paper that the possibilities for coupling higher spin fields to 
lower spin ones are dramatically changed in spaces of signature (4,0) or (2,2) (or in complex 
space) provided that the gauge field is taken to be self-dual. In the theory of interactions 
amongst higher spin fields, this is a hitherto unexplored possibility, which yields the unex- 
pected result that the higher spin fields satisfy classically consistent interacting forms of the 
first-order zero rest-mass Dirac-Fierz equations |7|, The absence of conjugation between 
dotted and undotted spinor indices in these spaces weakens the compatibility conditions, 
which in Minkowski space turn out to be forbiddingly strong [^, [||. 

1.2 In two-spinor language, with dotted and undotted indices raised and lowered by the 
skew-symmetric symplectic invariants e Q/ g, £^&, e a/3 , e a/3 , Maxwell's equations take the form 

^ftrV/^ + = 2j a p , (3) 

where the symmetric tensor /.g describes the helicity +1 component and its Minkowski space 
conjugate f a p the helicity —1 component of the Maxwell field. The Bianchi identity d^F up ] = 
however takes the form 

- <*d 10 fafi = 0, (4) 

so the complete Maxwell equations may be compactly written in either the form 

= 3 a/3 ( 5 ) 

or the conjugate form 

= j a p , (6) 

provided the current is real. Generalising (||), a massless field of helicity s may be described 
by a symmetric rank n = 2s spinor ipc n ...a n satisfying 

d a n fai—an = jaai...a n -i • CO 

Now differentiating (0) and using the identity d a& d? = \e^d*d%, we see that antisymmetry 
of e and symmetry of ip in the dotted indices requires for consistency, that the current on the 
right is divergence free, viz. 

d^jaa,...^ = . (8) 

This generalises the argument for current conservation (||) in the Maxwell case above. In fact 
the investigation of source-free versions of (0), the 'zero rest-mass' equations of Dirac and 
Fierz, 

W'*a3.J = > (9) 
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has a long history (see e.g. {?], ||, |9|). In particular, Fierz || discussed the problems of 
consistently coupling such fields to an external electromagnetic field. He noticed that the 
minimal substitution of 9 Q „ in (|9|) by the gauge covariant derivative V a a = d a a + A a a requires 
the satisfaction of f & a = for consistency. This allows only a pure-gauge spin 1 coupling 
in Minkowski space, where fields with dotted and undotted indices are related by complex 
conjugation, and eq. ([?]) is equivalent to the conjugate equation for the helicity +s field, 

^cT L Pa\...a n = jaai...a n • (10) 

However, in spaces of signature (4,0) or (2,2) the conjugation between dotted and undotted 
spinors is lifted, opening new horizons. Eqs. @ and (|l0| ) can then be considered indepen- 
dently. In particular, there is then actually no problem in consistently coupling an external 
self-dual gauge field to such spinors, for the requirement = is precisely the self-duality 
equation. Now, if a non-zero current J is present on the right-hand side of (||), consistency of 
such a minimal coupling, i.e. of the first-order equation 

V^,,,.i = J^.J , (11) 
further requires the covariant constancy of this current, 

V^-Vj = • (12) 

Remarkably, such conserved currents are provided by the higher-N supersymmetric couplings 
of self-dual Yang-Mills fields. 



1.3 It is noteworthy that higher-spin fields satisfying the interacting Dirac-Fierz equations 
(II) are precisely the ones which are needed in order to supersymmetrise the self-dual Yang- 
Mills equations beyond the traditionally 'maximal' N = A extension. Consistent lower-spin 
equations of motion recursively give rise to consistent higher-spin equations of motion, so 
that the self-duality equations may be extended to systems of equations invariant under the 
N-extended super-Poincare algebra for any choice of N. The self-dual vector supermultiplet 
may therefore be made as large as one desires, to contain a spectrum of fields up to any given 
spin ^y^-. Classical consistency of the equations of motion does not set any limit on the 
extension N. This is unlike the situation for the full non-self-dual Yang-Mills equations which 
have N = 4 as the 'maximal' extension [10]. We have already announced the existence of 
these higher-N supersymmetric systems in [11], where we explicitly displayed the equations 
of motion for the first two unconventional extensions, N = 5 and N = 6 . The purpose 
of this paper is to provide the complete proof of the consistency of these super self-duality 
equations for arbitrarily large N in a manifestly supersymmetric superspace setting. These 
super self-dual systems are manifestly covariant four dimensional globally supersymmetric 
realisations of N > 4 super-Poincare algebras. They also provide classically consistent man- 
ifestly covariant equations of motion for interacting massless fields of spin greater than two, 
which are moreover possibly the only consistently coupled generalisations of the zero-rest mass 
Dirac-Fierz equations (pi). 
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Up to and including N = 3 the super self-dual Yang-Mills systems (12] are reductions of 
the corresponding full non-self-dual super Yang-Mills equations. The former are constrained 
versions of the latter, with spectra consisting of precisely half the fields. For N = 3 , for 
instance, the spectrum of the full super Yang-Mills theory consists of the following two irre- 
ducible representations of the super-Poincare algebra 

{fa/3, A ia , Wij, Xa} and {/^, A^, W % \ x»}, 
where the / Q/ g (resp. /-^) are the (anti-) self-dual parts of the Yang-Mills field-strength 

the A's and x' s are spi n one-half fields, and the W's are scalar fields; all fields taking values 
in the Lie algebra of the gauge group. In Minkowski space these two supermultiplets are 
conjugate to each other, but in spaces of signature (4,0) or (2,2), or complexified space, they 
are independent; and the super self-duality restriction is precisely the condition that the anti- 
self-dual right-hand multiplet above is zero. Constraining the full super Yang-Mills equations 
in this fashion yields the super self-duality equations. Thus the equations of motion for the 
full N=3 theory JH 



+ ^V y$ f a p = {Am, A^} + { Xa , Xp] + [Wi, V^W*] + [W\ V a pWi] 
e^VajXi = -e ijk [\ 3a , W k ] + [ Xa , W*] 
e^V^Kp = -tijki^, W k ] + [ X0 , Wi] 

^"VajXa =-[Xka,W k ] 

^jfiCf, =~[^,W k ] 

VrfV^W* = -2[\W 3 ; W% W*] + [[W jt W^], W*] + ^ k {\«, \ ka } + {X id , X a} 

V^V^Wi = ^[[W^W^W^ + iiW^W^W^ + ^klX^^^ + lXf^a} 

reduce to the N = 3 super self-duality equations, which we write in iV-independent fashion 
using Xijka = tijkXd and Wy = e ijk W h , 



= 

(13) 



e 7/3 V 7/ 3^ = 



e Q7 V 'a-yXijka ~ [\ia,Wj k }] 
V^V^Wy = {Af , Xj a }. 

The first equation is identically satisfied in virtue of the Bianchi identity and the condition 
f & a = which is just the usual (N=0) first order self-duality equation for the vector potential, 
Fpu = \^^vpaF pa . For N = A , however, there is no similar correspondence between the 
standard maximally supersymmetric super Yang-Mills equations |i~0f| and the TV = 4 super- 



symmetrisation of the self-duality condition = [14]. Being irreducible, the standard 
N = 4 Yang-Mills multiplet 

{/a/3, Aj a , Wij, Xa, / Q/ g} 
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does not admit the the self-duality constraint of the above type. In this case the so-called 
reality constraint for the scalar superfield Wij = ^ijkiW , which imposes Minkowski space 
self-conjugacy of the N = 4 multiplet, needs to be lifted. Thus having doubled the rep- 
resentation, the self-duality constraint W =0 may now be imposed instead of the reality 



constraint in order to reduce the multiplet to the irreducible self-dual one |14|]. Therefore, 
not only are the N = 4 super self-duality equations not restrictions of the full non-self-dual 
equations, but the spectrum of the former is in no sense a restriction of the latter and for 
N > 4 there do not even exist non-self-dual equations corresponding to the N > 4 extended 
super self-duality equations which we present in this paper. For the N = 4 case, the above 
N = 3 equations remain unchanged and are merely enhanced by an equation of the form 



for the additional spin 1 field gijkicey, where the current on the right satisfies (12) in virtue 
of the lower spin equations (|l~3|). This pattern actually repeats itself for higher spin fields, 
yielding first-order equations of the form 

^ a" 4 > in+2---iiai---a n = Ji n+ 2-..haa\ ...<i„_i j (15) 



for arbitrary n > 2 up to n = N — 2, essentially because the (N — l)-extended system, which 
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contains fields of spin up to ^ N 2 3 ^ , nestles within the iV-extended system completely intact, 



and provides a conserved source current for a new spin ^ 2 2 ^ field. The iV > 4 systems 



may therefore be seen to be further consequences of the matreoshka phenomenon |12| of super 
self-dual systems; and the self-dual matreoshka can even be taken to have infinitely many 
layers. 

The spectra of the iV-extended super self-dual systems consist of the Yang-Mills vector poten- 
tial A a having self-dual field-strength f a p, a (^, 0) spinor \i a , and spin ^ fields {4>i n+2 ...i 1 a 1 ...a n ', 
< n < (N — 2)} transforming according the totally symmetric (0, ^) representations of the 
rotation group and according to skew-symmetric representations of the internal SL(N) auto- 
morphism group of the N-extended supersymmetry algebra. The N = 6 theory, for instance, 
has the following spectrum transforming according to an irreducible representation of the 
N = 6 super-Poincare algebra 

^ict ^^ij Xijka 9ijkla/3 ^ 'ij klmap-y ^ ijklmnafi^S 



where i,j = 1,...,N are internal sl(N) indices which we always write as subscripts, so 
for instance, the spin 2 field Cijki m nai3'y6 & bove is an s/(6) singlet and the spin | field 
^ijklma$-y ^ s an vector, and these may be more conveniently denoted if N = 6 thus: 

C^s = ^ mmnC mmnahs > €fc = h^^klm^Y However, our notation has the 
advantage of being iV-independent. All these fields take values in the Lie algebra of the gauge 
group and are linear in the Yang-Mills coupling constant, which we absorb into the definition 
of these fields. There is no other coupling constant. This means that unlike conventional 
field theories, where bosonic fields have dimension —1 and fermionic ones dimension — |, the 
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fields in these self-dual Yang-Mills multiplets have dimensions which decrease with spin. So 
although the fields A a p, Xi a ,Wij,Xijka have conventional dimensionalities, the further fields 
4 > in+2-iiai—a n of spin ^ have dimension — ( n + 2 ) . This, together with the fact that there is 
no coupling constant apart from the (dimensionless) Yang-Mills one, renders it impossible to 
write dimensionless action functionals for the N > 4 theories. The vector potential transforms 
in the usual inhomogeneous fashion, whereas all other fields transform covariantly under gauge 
transformations, 

6A a$ = -d a 0T(x)-[A a$ ,T(x)] , 
5\ia = [r{x),X ia ] , 

(16) 

3 ( l } in+2---hai---an = \ T ( x ) i 4 , i n +2—iiai ...a„] • 

These are the only gauge-transformations of these fields; there are no higher-spin gauge- 
invariances. The latter not being required since all the fields apart from the vector potential 
transform according to irreducible representations of the rotation group and therefore have 
no redundant degrees of freedom. We recall that inhomogeneous gauge transformation of a 
field can be understood as the condition for the field to describe a degree of freedom of unique 
spin ||. It is in fact precisely these features of having only one coupling constant and one 
type of gauge invariance which render traditional theorems forbidding higher-spin couplings 
inapplicable to our systems. 
The arbitrary ./V supersymmetry transformations take the form 

SX ja = Vjfa P + 2f]^V a$ W ij 

SW Jk = TfiXQa + fPxqtf 

6 Xjkla = V^aaW kl] + (g ijkl ^ + ^[W ib ,W kl] ]) 

°9j k lmaf3 = 'a(.aXkl m ]$) (17) 



l) i n +l—ilOi\...a n r ?[j n ^Q(d n < / , i n+ i...iiOi...a n _i) 

,rfi n+3 a n+1 I i . . . . i — 

>'l \H J i n +3,---noii...a n +i i c a n+ i(a n ^ 



ln + Z---llOtl...a n -\ j I ! 



where Sj n+3 .,.j ic j !1 .„ ( j, n _ 1 is a functional of fields of spin less than ^. 



1.4 The N = 4 self-dual theory was considered by Siegel ||14[| . The appearance of the 
additional spin 1 field ffj^^^, which for N = 4 is equal to tijkWapi ls particularly noteworthy. 
This possibilty of nontrivially coupling two mutually independent spin 1 fields is a peculiarity 
of self-dual theories. There is in fact no analogue in standard (non-self-dual ) gauge theories, 
for which the conserved vector current which acts as a source for the Yang-Mills field, provides 
all consistent spin 1 couplings (including self-couplings) 0. In Minkowski space the two 
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helicities of the gauge field are complex conjugates of each other. However, for self-dual 
theories (in spaces of signature (4,0) or (2,2)), the Yang-Mills current acts as a source for only 
the self-dual (1,0) half of the gauge field. This leaves room for a vector current which acts a 
source for a (0, 1) field; and the N = 4 theory opens the way for such an additional spin-one 
field. The source vector current (|14"D for this new spin-one field is actually the Noether current 



Lfakl = ~ i A *> %wd/j] + X m] p} - [Wiij, y a pW M] ] (18) 
corresponding to global gauge invariance of the action functional for the N = A theory |l4j 

S = J d A x Tr e« w (/" ' 3 g ijM6 S + x|- fe V ad A^ + W {ij UW kl] - W {ij {\^ X l]a }) . (19) 

Repeated supersymmetry transformations of this spin-one current yield source currents for 
succesively higher-spin fields, which make up successively higher- TV supermultiplets. 



The action ( |i9|) is a component version of the light-cone chiral superspace action [14| based 



on the Lagrangian due to [15| 



l = lv~uv~ - \v-[d a+ v-,d+v-i 

which is an N-independent Lagrangian for the arbitrarily extended super self-duality equations 
(see also j[(J). An alternative harmonic superspace action has been presented in [jl7| |. 

The existence of the invariant action functional ( |l9| ) for the N = 4 theory also gives rise to 
a conserved gauge-invariant stress tensor for this theory, yielding a possible source term for 
Einstein's equations. This is a conserved tensor for all N > 4 theories, which therefore allow 
a non-trivial coupling to gravity, whereas for N < 3 the only possible gravitational source 
term is the standard Yang-Mills stress tensor 

which vanishes identically for self-dual theories. 

1.5 Conventionally, manifestly super symmetric forms of extended supersymmetric systems 
take the form of superspace supercurvature constraints. In fact, the standard natural set of 
supercurvature constraints describes our arbitrarily-extended systems as well. 

In iV-extended superspace with coordinates {x aa , fif }, where {'d ia , flf ; i = 1, . . . N} are 
odd coordinates and x aa are standard coordinates on on which the component fields 
above depend. A self-dual superconnection is subject to the following constraints (e.g. |Tq ]) 

(20a) 

(20b) 

ap ( 20c ) 

(20d) 

(20e) 

(20f) 





= 




= 


{VL,v i/3 } 


= 25)V 

J 


{v^,v j/3) } 


= 




= 


[V«(d, V^] 


= 
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The first three conditions allow the choice of a chiral basis in which the covariant derivatives 
take the form 

v a — d&f 

Via = Vjcr ~\~ 2l?j V act 
V 'c«i — Vad) 

where (Via, V aQ ) are covariant derivatives in the chiral subspace independent of the i?f coor- 
dinates. In this basis the single constraint (20d), equivalently written in the form 

encapsulates the content of all the other constraints and the odd component of the supercon- 
nection 

A ia (x, = 

describes the entire self-dual supermultiplet in the form of the curvature component /j,-, which 
has a quadratic ^-expansion in terms of chiral superfields of the form 



fij(x, 0, 0) = 0) + 20j*^ ]a (s, 0) + Mf^f a/3 (x, 0) . 

As we shall see, the ^-expansion of /ij yields all the higher spin fields Xijka, SyjUd/3> ^ 



(21^ 



ijklmnaP A fS' 1 ' ' ' ( ' * " 



1.6 The plan of this paper is as follows. In section 2, we shall show that the self-dual 
supercurvature constraints in chiral superspace yield a spectrum of chiral superfields having 
the leading component fields described above, as well as their dynamical equations. This 
formulation of super self-duality in chiral superspace is the starting point for the establishment 



of the supertwistor correspondence for these systems. We have previously described [12, [L9[] a 
harmonic space formulation of this correspondence, which, being iV-independent, holds in the 
arbitrary TV" case too. This supertwistor correspondence yields a complete characterisation of 
the solution space only if the relation between the Yang-Mills superconnection satisfying the 
supercurvature constraints and the set of component fields satisfying the component super self- 
duality equations is one-to-one. Machinery for establishing such equivalences was developed in 
p3|, where the conventional N = 3 superconnection constraints were proven to be completely 
equivalent to the full super Yang-Mills equations of motion. The method was later applied 
to the ten dimensional case too [20|. This method, which we apply to the super self-duality 



conditions in sections 3 and 4, also yields a very effective mechanism for extracting component 
information from superfield data. The new N = 4 stress tensor is actually a member of a 
supermultiplet of conserved tensors. In fact N > 4 generalisations of these conserved tensors 
also exist and are presented in section 5. 
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2 Self-duality constraints for the superconnection and the 
superfield equations of motion 



The iV-extended super self-duality equations in four dimensional space are most economically 
written in iV-extended chiral superspace, A4^ 2N , with coordinates {x aa ,"d ia }, where {"d ia ;i = 
1, . . . N} are odd coordinates and x aa are standard coordinates on which the component fields 
on Ai 4 depend. For generality, we shall work in the complexified setting. Reality conditions 
appropriate to a (4,0) or (2,2) signature may always be imposed. We shall take the extension 
N to be arbitrary. Gauge-covariant derivatives in chiral superspace Ai^ 2N take the form 

^aa — dota ~\~ A a a i 

where the partial derivatives = , d a a = d ® ait provide a holonomic basis for Ai 4 ^ 2N ; 
chiral superspace being torsion- free. The components of the superconnection (Aia, A a a) take 
values in the Lie algebra of the gauge group, their transformations being parametrised by Lie 
algebra-valued sections on Ai^ 2N (c.f. (|ilt)): 

SA i& = -8 i& T(x,0)-[A i& ,T(x,'&)] (22a) 

SA afi = -d a pT{x^)-[A a ^r{xM- (22b) 

On Ai^ 2N , the super self-duality conditions take the form of the following supercurvature 
constraints 

{V^V^} = (23a) 

[V^V^] = (23b) 

NdfrVpfi] = 0, (23c) 

or equivalently 

{V«i,V j/3 } = e^fij (24a) 

[Vid.V^] = e^fo (24b) 

[V Qd ,V^] = e^fap, (24c) 

where = fij(x,$) is skew-symmetric and f a p = f a p{x^'d) is symmetric and has the cor- 
responding At 4 Yang-Mills field-strength f a g(x) as its leading component in a ^-expansion. 
Henceforth all fields are superfields depending on both x aa and d ia and we distinguish super- 
fields from their leading components in a ^-expansion (i.e. ordinary fields on At 4 ) by placing 
a circle over the latter. We shall henceforth thus write all fields of section 1.3, which are 
leading components of corresponding superfields; and we shall denote the latter by the same 
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letter as the former. Thus Aj Q , for instance, will be used to denote the superfield containing 

o _ 

Xi a as its independent part. 

The superfield curvatures (24) are not independent; they are related by super-Jacobi identi- 
ties. Firstly, the dimension —3 Jacobi identity implies, in virtue of the constraint (23c), the 
Yang-Mills equation 

V«J/<tf = 0. (25) 

for the superfield f a p. Next, in virtue of the constraints (|23bJ) and ( |23cP , the dimension —2^ 
Jacobi identity yields the relationship 

= ^(aafi/3)- (26) 



2 

- 1 I / i/ i i i ■ l ( l / ii "i i i \ i ■ \ 1 "i / i /"] l l "i i / il "i 1 . 1 1 i 



Multiplying both sides by e a @ yields a dynamical equation for the dimension — | curvature, 
which allows its identification with a spinor superfield 

Aja ■ — fia > 

having equation of motion 

V Q A A M = . (27) 
Now the dimension —2 Jacobi identity says that 

^ 1 aa.fi j — ^ia^ja • (28) 

Defining a scalar superfield 

Wij := l -f i3 , (29) 

where the rescaling merely serves to bring our notation into correspondence with that in the 
literature, we obtain the equation of motion 

1 

2 



nw ij = -{Xf,x ja } , (30) 



where the covariant d'Alembertian is defined by □ = \^ ^ a p- The curvature constraints 
(23), combined with the definitions (24), may therefore also be written 

{V <d ,V^}= 2e &0 W ij 

[Vid,V^]= e &0 X i0 (31) 

[Vao-jV^] = e^f a fj . 

Now the dimension — | Jacobi identity tells us that the spinorial derivative of the scalar 
superfield, ViaWjk, is a superfield, totally skew-symmetric in ijk: 

^iaWjk = Xijka ■ (32) 

Acting on both sides by yields 

= 2[X ia , W jk ] + \VicN«X ka using (24b) and (|28p. 
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Now the second term on the right is equal to 

— 2[Wij,Xk a ] — ^VjViaXka 

= 2[X ka , Wij] - VfV aa W ik using ©, 

= 2[X ka , Wij] - 2[X ja , W ik ] - V^Xijka using 

We therefore have the equation of motion for the superfield [J^r/fcco 

^aXijka = [X[ia,W jk ]}. (33) 

Action of the covariant derivative yields the wave equation 

OXijka=[Xf i ,VaaW jk] ], (34) 

since V^Vi* = — S^O in virtue of the curvature constraint ( |23cj ) . Now using (|3^) we have 



3V ^X jk = VidCV^Wfeq) = 2e^[W i{j , W kl] ] - V [jp Xki]ia • (35) 

So 

4V i*Xjkl(] = -V^pXkljia + ViaX jk + ^[W^, W kl] ] . (36) 

Symmetrising in a,P yields the definition of a rank-4 spin-one superfield g^f.^, 

4Vi(aX jk 0) = -^\j{aX kH ]p) = %9 ijk i a p ■ ( 37 ) 



Eq. (35) also imples that 

2 ^i«XjkW = - V [jf)Xkl]ia ~ ^iaXjkip + 2e a/3^[j' W kl}) 

and tracing over the spinor indices yields 

This implies that VuX k u]p = ^' identically, and we therefore have the superspace relationship 
between g^^p and lower-spin fields, 

= 9 ijk ia$ + e a$ E ijki , wh ere E ijkl = [W i{j , W kl] ] 
Now, the action of on both sides and use of (|28|) and (l3l] ) -(l33| ) yields 

V£9 ijkl& p = {^^^ i a},X jk 0} + {^ l a^ a \ kl p}-^aa[W l y,W kl] } 

= {Ka, Xjkla} + {Vja, [\ja, W kl ]] - [V^Wj^, W H] ] - [W^, V a aW kl] ] 
= {^ia, Xjkla} ~ {X[j a , Xkl]na} + \^aaWi\j, W k q] - [Wtfj , V aa W k q] 
= {\ia,Xjkl]a} + [VaaW[ij,W k i]\ . 
1 A\l our (skew-)symmetrisations are with weight one. For instance, [A[i a , Wjfc]] = 

[A ia , Wjk] + [Xja, Wki] + [Xka, Wij]. 
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So the equation of motion for the spin-one superfield g^uj^A follows 



ijkla/3 

a V ijkla/3 



9ijkl a ~ Jijklaa , (39) 



where the current 

Jijklaa = {\ia, Xjkl]a} ~ [W[ij, V aa W M ]}. (40) 

is covariantly conserved, 

Y7»I3 

Proof. In virtue of (p7|), 



V*Jii«a& = • (41) 



V a$ J ma p = V °%#} - [^W {ij , V ap W kl] ] - 2[ W[ij , UW kl] ] 



The second term is identically zero and using the equations of motion fl30| ) and ( |33| ) we see 
that the rest of the right-hand side also vanishes in virtue of the Jacobi identities. □ 

Now, action of the covariant derivative V" on (^) yields 

V7«v7 $ n \ia t _ X7 a P J _i_ \x7 a J —X7 a T 

using ([111). We therefore obtain the wave equation 

□fy-JHa/j = -\{\i^(aX jkm } + ^[Vf^fo-, V^jWju]]. (42) 

Remarkably, the equations of motion obtained hitherto for the partial supermultiplet {A a R, 
Aia, Wij , Xijka-, 9ij k i a $} are Euler-Lagrange equations for the simultaneous variation of the 
) superfield functionals 



dikl = Tr (/" 'g ijm j + xfijk^aaX?] + W {ij UW kl] - W {ij {\%, X l]a }) , (43) 

whose leading (-^-independent) terms yield, for N = 4 , the action functional S = J dx^e^^Ciju, 
i.e. @. 

Consider now, 

^i°>9jklm/3i = 3 {^ i(a9 j k lmf3^) + e a{f3^i9j k lm'y)s) 

which defines a spin 1 superfield V^wmrvAy- Now from (37) and using fl32|), (|38|), 



(44) 



2 " ^ijkima/3"/' 
= [[Vj, V i0 j],XfcIm7)] - V i/ j(V7xfc«m 7 ) - V i7( V ZXfc /m/ 3) 

= GWV'XurJ ~ 2V^([W i[fe , W Zm] ]) + Vj(<7 ijWm ^ + 6^[W f[fc> W Ira] ]) 
So on adding parts symmetric and skew-symmetric in i, j we obtain 

^hjklmPj = 2 l W i\j> Xklm}$] ~ i W W" X lm]i p] , (45) 
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yielding, from (p| ), the relation between 4>ijkimaQi an< ^ l ower_s pi n fields, 

V ™9 jk l m fa = ^ijklmah + e d(/3 Q[WiU> Xkimft)] ~ \[W\j k , Xlm]i-y)]j ■ (46) 

The spin | equation of motion follows in virtue of lower-spin equations on application of V j 
to both sides, namely, 

V %/> ■ = J ('47') 

t ijUlmafi"! ijklmaa/3 ' \ ' 

with 



1 

• ijklmaap l- -[set > JjMm|a^J ' g l ■ u^u • • L <,j , /^ki m \p)i ^ 

a covariantly conserved current satisfying 



^ijklmaa/3 ~ l\iot> 9jkl m ]ap\ + o XfcZm]/3)l o l^fa ' V a(aXfcZ m ]/j)] ; (48) 



V aa ^M mQQ/3 = (49) 
in virtue of lower spin equations of motion. Similarly, 

^ 'idV 1 'jklmn/3 , y8 ^ijklmna/3 / y8 ^ a(f3^~ I ijklmn A f&) (Pty 

where the spin 2 superfield is defined by 

^ijklmna$j6 = 7^ ' 1(6$ jklmnfaS) (^) 

and 

= 6 \X%\jkpi Xlmn]^] + 2 ' 9klmn]f3^ + 6 ' 9l m n]i/3'yi 

using (pB]), Covariant differentiation of both sides of (|50| ) yields the spin 2 dynamical equation 



^a^ijklmna^-yS ^ijklmna^ ' (^3) 

with the covariantly conserved current 

1 1 ' / 



By iteration of this procedure, superfields ^ n ...i 1 a„_2Qi...«„-i of sl(N) rank n of spin s 



(n-2) 
2 

may be produced for higher spins. The super-Jacobi identities and the constraints ( |3l| ) admit 
such superfields for every n < N and for arbitrarily large N. We therefore have the following 
superspace recursion relations between sl(N) rank n and rank (n + 1) superfields: 

= {aaKp) ( 55a ) 

VidAja = 2V Q(i W 7 ij (55b) 

ViaWjk = Xijka (55c) 

Vt n+2 d 1 0i n+1 ...i 1 Q(2...dn = ^«n + 2---«lOl---an + e di(o 2 ' = '«7i+2---«l03---an) ' 71 — (55d) 
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where the spin ^ superfield is defined recursively by 

0i„ +2 ...iidi...d„ = i n+2 {ai4>i n+1 ...ha 2 ...a n ) (56) 

and 



~-'i n+ 2...iiai...a n -2 ~ ^ i n+ 2 '^*n+i--- i ldi...d n _i (5^) 



1. 

n 

are completely determined in terms of lower spin superfields. The first two equations in this 
series are given by (|38|) and (|46|) with 



^ijklm-y = ?}[Wi\j, Xklm]y] ~ %\W\jki Xlm\i-y]- 

In the general case, the action of V^"_ 3 on (^) yields 

n ^!n"+3^»+2- i i (i i-' i « =2(n+l) [Wi„ + 3i„ +2 , 0i n+1 ...iidi.-d n _l] 

_ (58) 
On adding the parts symmetric and antisymmetric in i n+ 2i n +3 we obtain 

(n + 1) ^i„ +3 ...i 1 di...d„_i = Vi™ +3 4>i n+2 ...i 1 a 1 ...a n 

= 2 [[W / i n+3 j n+2 i 0i„ + i...iidi...d n -l] ~~ 2^[*n+2(di [=; i„+3]j„+i...iid2...d„_i) (59) 
2n-2 (in+3(di'-'in+2)...iid2...d„-i) ■ 



The relations (55) contain both dynamical as well as kinematical information. As we have 
explicitly seen for the lower spin fields, the dynamical content may be extracted by covariant 
differentiation of (55) and use of the constraints (|3l"|). In general, the higher-spin superfields 
have equations of motion 



^ a" 4 l i n +2---iia 1 ...a n — ^i„ + 2---UC(di...d n _i j (60) 



where 



Jin+n— iiadi...d„_i — ^i n+2 a-i (V^ n <?! ) i n+1 ...iid2—d n ) 

"HlVa") ^ 7 «n+2di]) 4 > i n +l---ha2--a n ] ~ ^a(di 1=, in+2—iid2...d n _i) 

(61) 

~~ ^«n+2di Ji n+1 ...i 1 aa2...a n -l [^i»+2a> 0« n +l---ndi...d„_i] 
— ^a(di ,=, i n+ 2...jid2...d n ^i) ! 

a recursion relation for the higher spin source currents. The latter therefore allow explicit 
construction in an iterative fashion, starting from the known ones above and using the relations 
(55) in order to determine Vj n+2 Q 1 Ji n+1 ...i ia a 2 ---an-i ■ We therefore see that the constraints (23), 
or equivalently (|3l|), in virtue of the super- Jacob i identities, recursively reveal an unending 
chain of dynamical equations for superfields of increasing spin beginning with the spin | 
equation for Xijka- These equations moreover have the form of the interacting Dirac-Fierz 
equations (|TTj) with source currents, Ji n+2 ...i 1 -ya 1 ...a n - 1 , which are functionals of all fields of 
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spin < ^ . Consistency of the linear equations of motion (|60| ) requires covariant constancy of 
these currents, 

V' 1 ' 1 Ji n+2 ...ii'yai...a n -i = ; (62) 

conditions satisfied non-trivially in virtue of lower-spin equations of motion. The equations 
of motion (|6^) have the general form 

(63) 

where the currents on the right (which are symmetric in their dotted indices) are divergence- 
free, 

® 1 Ji n+ 2...naai...(in-i = 0- (64) 

The spin 1 current in this chain, the source j^^p for the spin 1 field g^^p is precisely the 



Noether current corresponding to global gauge invariance of the funtional Cijki (43). 

We have seen that the constraints imply not only the existence of higher-spin superfields but 
also their equations of motion. In fact, the superfield equations of motion are not only implied 
by the supercurvature constraints (|3l]), but are actually equivalent to them. Whereas above 
we have assumed the constraints in order to derive the superfield equations of motion, the 
former may instead be seen to arise as consequences of the latter. This converse implication 
follows from the linear equations for (ft: 

^ ' i" +a 4>i n +'2---iiai...a n = ( n + 1) ■ = 'i n+3 ...ii(ii...<i n _i 

(65) 

The consistency conditions for these equations are precisely the constraint equations (23), 
or equivalently (pi]). It is in fact sufficient to consider the first-order spin-one superfield 
equations ( [45]) and (|39|) , for which eqs. (23) are the compatibility conditions. 
Explicitly, covariantly diffentiating (|39|) with respect to V ^ yields 

in virtue of (f4l|). Therefore, since g^^p is symmetric in d,/3, (|23cD follows as a compatibility 
condition for (^). Similarly, acting with the spinorial derivative on ( |45| ) yields 

V p° 9ijMa$) = 2 {Xp n[i , Xjkl]a} + {X%[ij, Xkl]pa} 

+2[W n[i , [W W , W kl] \] - [W {ij , [W Mk , W l]n \] + [W {ij , [W kl] ,W pn ]} , 

which implies 

a relation equivalent to the curvature constraint ( |23a|) since g^^g is symmetric in its spinor 
indices. Finally, 

^£ ^n^9 ijkl ^) ~ V^(V Q % m/ j) = V«(2[W n[i , Xj kl]a} ~ [W {ij ,Xkl]na]) ~ V n %^ 

= 2[W n[l , [Xj a , W kl] }] - 2[W {ij , [A to , W l]n }] - 2[X a[i , [W jk , W l]n }} = 
in virtue of the Jacobi identities, so the curvature constraint (|23b| ) follows. 
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3 The D-gauge and component expansions of superfields 



Evaluating the superfield equations of motion of the previous section at •& = yields equations 
of motion of the identical form for the leading component fields, with all fields including the 
connection in being ordinary fields on M 4 and transforming according to -^-independent 
gauge-transformations ([U]). Explicitly, we have 

hp = 

o a$ 

V Xia = 

o a o o o 

V<y Xijka = [\[i-y>Wjk]\ 

o &„o o 

V 7 4 > i n+2 ...i 1 a 1 ...a n = Ji n +2--h r Yai—a n -l > 4 < (n + 2) < A^. 

In the previous section we demonstrated the equivalence of the supercurvature constraints 
(23) to the superfield relations (55) and the set of superfield equations of motion ( |24c[ ) , (f27|), 
(|30|) , (|33|) and (|60|) . In fact we shall prove that: 

The following three sets of data are pairwise equivalent, up to gauge transformations. 

(i) The superconnection {Aia, A a a} on j\4 4 \ 2N subject to the supercurvature constraints (23) 
(or equivalently (l3l|)). 

(ii) Superfields {A a ^Xi a ,Wij,Xijka,4>i n+ 2---ha 1 ...a n ]'i < n < (N - 2)} on M^ 2N satisfying 
the superfield relations (55), which imply the superfield equations of motion. 

o o o 

(Hi) The set of component fields {A a g, Aia, 0i n+2 ...uai...a n ; < n < (iV — 2)} on M. satisfying 
the component super self-duality equations 



We have already proven that from a superconnection satisfying (23), we may recursively 
construct superfields {f a/3 , \ ia , Wij, Xijka, (f>i n+2 ...i 1 a 1 ...a n ; 2 < n < (N - 2)} which automat- 



ically satisfy the superfield equations of motion (|23c|) , (|27j), (pOj), (|33D and (|60|), To prove 
the remaining equivalences, we shall closely follow the technique for such equivalence proofs 
developed by Harnad et al in [13|, where the equivalence between the conventional superspace 



constraints and the N = 3 field equations was given. A similar proof for the d=10 super 



Yang- Mills theory was given in [2C]. To obtain (i) or (ii) from (Hi), we need to be able to 
reconstruct the superfield data on M^ 2N from the leading component fields on and the 
proof of the inverse implications requires ^-expansions of the superfield data. Both recon- 
struction of superfields from leading components, as well as the ^-expansion of the latter, 
clearly require some gauge-fixing, for gauge transformations of superfields have parameters 
depending on the coordinates {x, $} of A4^ 2N , whereas the component fields have gauge trans- 
formations depending only on the ^-coordinates of A4 4 . In order to perform ^-expansions or 
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reconstructions of the superfields we clearly need to choose a gauge for them which eliminates 
all -^-dependence of their transformation parameters. Following fl3| , [2C| we use a 'transverse' 
gauge condition on the odd components of the superconnection which effectively eliminates 
the local gauge freedom associated with the -^-coordinates, viz. 



. 



(67) 



This is tantamount to the requirement that the Euler operator measuring the degree of ho- 
mogeneity in the variables is equal to its gauge covariantisation, i.e. 





V = -& 1 



(68) 



Contracting ( |22a| ) with $ ta we see that in this gauge the parameter of gauge transformations 
satisfies T>t(x, $) = 0, and is therefore homogeneous of degree zero in the odd variables; i.e. 
it is independent. This gauge is therefore a suitable one in which to perform -^-expansions. 
The condition ( |67D implies no restriction on the x-dependence of the parameters and the Ai 4 
gauge transformations of the component fields therefore remain intact. 

In this gauge, the implication (ii) (Hi) trivially follows on evaluating all the superfields 
at ■& = 0. 

Now, in virtue of the fact that the Euler operator T> is gauge-covariant in this gauge, we 
can immediately write down its action on all the superfields by contracting the superspace 
relations (55) by $ ta : 



T>Xj a 

vw jk 



2 ^VaaWij 



Vg 



$ Xijka 

^9 ijm p + e &$ [W iU ,W kl] ]) 

^ijklmafa ~ &0 (l{ W i\jiXklm\i)] " H W \jk,Xlm]ij)} 



(69) 



Vh 



'jklmnfi'yS 



ijklmnafl'yS 



*n+i-'i«i-«n-i 



+ ... 

(dl '— 'l n +2...»lQ!2...Q!n-ij • 



Further, contracting the constraints pi]) by i? lQ , we obtain 



(1 + V)Ai 



2 ^iWa 
— i¥- \ ■ 



(70) 



2 ^ & Wij 



(71) 



or equivalently 

[V, V id ] + Via 

[D, V aa ] = - V\\ ia . 

Now, since the action of the Euler operator T> on any polynomial in yields the same poly- 
nomial with each term multiplied by its degree of ^-homogeneity, these relations actually 
determine the superfields from their leading components uniquely. In a ^-expansion, the /c-th 
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order terms on the left-hand sides of (^) are given by the (k — l)-th order terms of the super- 
field expressions multiplying d on the right-hand sides. These relations therefore recursively 
define the superfields from their leading components; and they do so in a unique manner. In 
fact the D-recursions ( |69| ) encode the non-dynamical content of the relations (55); and sim- 
ilarly ( f70| ) contain the non-dynamical part of the constraints (|3l|). By repeated application 
of (|69| ) and (|7o|), the leading components may be seen to determine the entire ^-expansion of 
the superfields. The leading terms are: 



fa/3 



Wjk 



o o 



fa/3 + 5^ a V(aoAj/3) + 

°\ ja + 2^V aa Wij + (va&Xiirt ~ e a j[Xi,Wij] \ + ■■■ 

Wjk + ^Xijka + i (9 Kj ka$ + e«$[Wi[i, Wjk]]) + • ■ ■ 

Xjw + ^ (hkw + e a0[wm, w kl] \) 
+W a $ m H mi]kl ^ + (lw bk , x l]mil& ] - \[w [mi , x jkl]a 
+^[w tb ,x kl]m0 ]+ ... 



(72) 
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jklm/3"/ 



and in general, 



I 1 Ma„qnS^ . . i 

"i"2 17 17 ^nijklmaPjS ~ ' ' ' ' 



^ n +2...«iai...Q!n 



A. ... _L,4!n+ian+U. . . 

\ + 2...1l»l...Q„ ' " V y l n+3 ...I 1 Qi 1 ...a! n+ l 



(dl "*n+2».*ia2— an-i; ~ 



and for the superconnection components 



Aj a 



^W,k + W^Xijka 
lad " ^Aia " ^V a/ jWy 



(73) 



It is easy to check that expansions (|72j), (|73[) satisfy the D-recursion relations (p9|)-([7T[) ; 
and it is clear how higher terms may be obtained from the latter. The supersymmetry 
transformations of the component fields ([17]) may now be obtained immediately from the 



action of S = rj ia ^ s + f]fg^sr on the non-chiral superfield in (|2l[) with its chiral superfield 
components = 2Wij, fi a = \ a , f a p having the above the expansions. 

The implication (Hi) =>■ (i), that the superconnection satisfies the constraints (23) provided 
that the equations of motion ( |66| ) hold for the components may now be directly verified order 
by order in a -^-expansion by inserting (73) in the constraints ( |23b[ ) and (23c). An inductive 
proof of this implication is given in the next section. 
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4 The equivalence between superfield equations and compo- 
nent equations 



In the previous sections we have obtained the proof of the implications (i) =4> (ii) =^ (Hi) 
between our three sets of data. The chain of the inverse implications, (Hi) =4- (ii) =4- (i), 
and therefore the full equivalence between the three sets, may be proven by induction on the 
degree of -^-homogeneity from the zero-order (component) equations, following the method of 
Harnad et al g3|,[2(J. 
The relations (|69|)-([n|) imply the following further P-recursions: 

V(V\\ ia ) = ^({A?,A ia } + 2DWi i ) 

p(v^V Q/ 3^-{Af,A, Q }) 

= (2[AJ, V^Wij) + V^V a$Xijk$ + 2[V^W k[i , X j]a )) 

= & (^V apXtm - 2[Ap, V aa W jk] ]) (74) 

"Xijka ~ [Ap, Wj k ]fj 

({A?, Xijka} + v a % ijk& e + VJ[Wip, W jk] ] - 2{V*pW l[i; W jk] ] 



p(V 



X7 aa n ■ — T a 



lijka/3 u lijka 

and so on. In the general case we have 



P (V" i) ■ ■ I ■ ■ 

u V v a ^„+2-«iai...ai. <Jt n+ 2...iiaai...a n -i 



(75) 

— u IV a y^i n+s ... iiai...a n +i t, i n +z—iiaoii.,.a,n) 

Since these relations are linear in $ on the right, the (n + l)-st order terms on the left are 
determined by the n-th order terms of the coefficients of $ on the right. So if we assume that 



the superfield equations hold to order n in t?, the right-hand-sides of (74), (75) vanish up to 
order (n + 1). Therefore, since the homogeneity operator is positive on the expressions above, 
it follows by induction that: 



The superfield equations hold if the (zeroth- order) component equations flfiqj are satisfied, 
i.e. (Hi) =^ (ii). 

These relations also demonstrate that the entire tower of higher-spin component equations 
are contained in the superfield equation ( p3D for Xijka, or equivalently in the superfield equa- 
tion © for g ijkl& 0. 

We may similarly prove that the P-recursions (|69|)-([7l|) imply the relations (55). The first 
step of the induction follows since at zero (^-independent) order, (55) are manifestly implied 
by (|69|)-([7l|). We now proceed to show that given the P-recursions (|69"|)-(f71~|), the superfield 
relations (55) hold to order (n + 1) in •& provided they are valid to order n. 
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Applying V to (55a) and using the P-recursions (p9|)-(|7l|), we obtain 

= -V jA / a/3 + 2< lf; ; . f a p] + |V iA (^V ( ^A i/3 )) 

Therefore 

(1 + V)(Viaf a p ~ kV(aak(3)) (to order (n + 1) ) 

= 2^ /3 [iy ii , e d/ j/ a/3 - [V (a/ j, V j3 ) d ]] by the inductive hypothesis 
= , 

in virtue of ( [24a) ), which holds to n-th order as a consequence of the inductive hypothesis. 
The relation (55a) therefore follows, since (1 + T>) is a positive-definite operator. 

Similarly, applying V to (55b) and using the P-recursions (|6S|)- (|7l|) yields 

= [[V, Via], A ia ] + 2V i& (^V a jW kj ) 
= +2d\ [W i:j , X ka ] - 2^<V aaX kin 
and using the inductive hypothesis, we obtain 

(1 + V){V i6i \ ja - 2V a aWij) (to order (n + 1) ) 

= , 



in virtue of (33), which, to n-th order, is a consequence of the inductive hypothesis. 
Now, applying V to (55c) and using the P-recursions (|69|)-(^l|) yields 

v(ViaW jk - xma) = -v«# Jt + 2ii[w 1 ,,^]+v iA (^). 

The inductive hypothesis therefore implies that 

(1 + V)(ViaW jk - Xijka) (to order (n + 1) ) 
= ^(2 [W U , W jk ] - [W i[u W jk] ] + [W l[h W jk] }) 
= 0, 

yielding (55c). Note that this and the proofs of all further relations in (55) follow from just 
the inductive hypothesis, whereas the proofs of (55a, b) above require the satisfaction of the 
superfield equations of motion ( |24c| ) and ( j33|) to n-th order in 

Similarly, for the next relation, the ©-recursions (|6S|)-(|7l|) imply that 

(i + v)(Viax jk - g lJkl a? ~ ^^.^1) ( to OTder 

= 2^[W im , XjkW ] ~ tf^V* (g l3klap + e^[W^ W kl] }) - ^ mijkm$ 



+% [iWm^X^] ~ U W lij>Xkl]mP). 




0$ (ix mi[j p V w kl] } - [w l[vXkl]mp] ] 
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if (^) is assumed to hold to order n. All remaining relations in (55) follow similarly from the 
positive-definiteness of (1 + T>) and the fact that 

(1 + V) (V 

- e Al(a2 H in+2...ua 3 ...«n)) ( to ° rder ( n + 1) ) 

= by the inductive hypothesis. 

We may now proceed to prove by induction that the £>-recursions (|69|)-(|7"I|), together with 
(55) to order n, imply the constraint equations ( |3l| ) to order (n+1). The zero-th order relations 
are manifest in virtue of the recursion relations ( |70| ) and the definition of the curvature f a p. 
The rest follows by action of T> on the constraints (^p. Thus 

^({Vid,V^}-2e^Wi i ) 

= -2{V ia , V^} + 2V i& (# k $ W jk ) + 2V^(^|Wi fe ) - 2e &$ d^Xijhi ■ 

Assuming (55c) to order n, we therefore have that 

(2 + V) ({V lA , V^} - 2e A pW ij ) (to order {n + 1)) = , 



from which the first equation in ( |3l| ) follows since (2 + X>) is a positive operator. Similarly, 
imply that 



T> ( [Vid, V^] - e .^Vj = -[Via, V^] - 2^%V^W lk - VM\ k0 ) - 20f d V^W) 



and assuming the validity of (55b) to order n, we have the relation 

(1 + V) ([V^, V^] - e^hp) (to order (n + 1) ) = , 
which in turn implies the second equation in (^). Finally, 

£> ([Vad, V^] - e^/a/fl) (to order (n + 1) ) 



= 

if the equation of motion for \ a are assumed to hold to order n, since Vg^Aja = ^V/g^A^ 



in virtue of (27) 



This completes the proof of the chain of implications (Hi) => (ii) => (i). We have therefore 
demonstrated the full equivalence between our three sets of data. 

5 The conserved tensor supercurrents 

Gauge-invariance of the ( . ) superfield functionals (f43|) yields this number of second rank 



, 4 , 

traceless (i.e. satisfying ^^"^y.^^^ . = o) conserved superfield tensors having the form 

^ijklaa,/3/3 = ^ \9ijklce$f a P + ^ a/3 \i/3Xjkl]a ~ \ia ^PaXjkQp 

+ \\ifi^ aaX jk i ]p ~ \^aaX^Xj k i^ + f { A {■ , Ay 7 }W W ] (76) 
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The Tr in these expressions denotes the gauge algebra trace. The expression ( ^6|) is in fact 
the unique traceless linear combination of the three existing second rank conserved tensors, 



T ijklaa,l3$ = Tr {h X liP^aaX jk i]0 ~ \ ^ aa\i/3Xj k l}$ + ^ a $ X [i/3Xjkl]a 

+e i 8 a e^{Aj, \ j7 }W kl] ) (77) 

T W«aM = Tr 1 ( W Y^^PP W m - VaaW {ij V^W kl] + 2V ^W {l] V ap W kl] 



The conservation of these tensors is a non-trivial consequence of the superfield equations of 
motion. Thus, using the equation of motion (p9|), together with the operator identity 



V a «V^ = 5 a p n + f% (78) 
and the cyclic property of the trace, we obtain 

= Tr {-\ ip n Xjm - 2nw {ij v p$ w kl] ] 

= in virtue of @ and ©. 

Similarly, 

= 

also in virtue of (33) and (34). Finally (f7^) and the further operator identity 

V^VaaV^ = 2V p p + 2f$V a$ (79) 

implies that 

= in virtue of (|3C|), 



The gauge-invariant tensors ( |77| ) have conserved superpartners. The lower rank conserved 
spin-tensors are 



Tijkaafi — Tr (2f a/3 Xij k a ~ V ' oca\ipW jk] + X [if^ aoWjk] ~ ^ X [ia ^ j3a W jk ] ) 
p(l) 

~ ijklmaa,$ 



T ijklmaa ~ Tv ( 4Xia $ 'jklma0 ~ X \j9 k lm\iaf} ~ A Xi[jka ^ a $ W lm] 



+ 6V ' a $ W i\jXklm]a ~ ^^Wilj[X koi ,Wl m ]\) 
T ijllmaa,0 = ^ ^ ^ W ^klm}0 ~ W i\F^X klm ^ ~ 2V ' a$ W l[jXk l m ]a ^ 

T ijklmaa,0 = Tl " ( W l™] ~ X i]jk $ ^a&W lm] + 2 Xi \jk&V a ^W lm] 

+2e^W i[j [X kQ ,Wi m] ]) 

Tijklaa = Tr (SXiaXjkla + \jaXkl]ia + 2 V a£ i Wtfj W k Q - 2W i \j'V a aW k q) ■ 
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All these tensors satisfy the conservation law 

u ± t...maa,... — u 

in virtue of the equations of motion, for instance, 

d aa Tij k i a a = Tr V aa (SXiaXjkla + \jaXkl]ia + ^ acW%\j W M ] - 2W^V a< yW k ^j 

= Tr (3A ia [Aj*, W kl ] + 2X {ja [Xf k , W l}i ] + Xf [A b - a , W kl ] 
+2{X ia , X [ja }W kl] - 2W ib {X%, X l]a }) 

= . 

These may be used to couple N > 4 self-dual gauge theories to gravity and supergravity, 
whereas there are no appropriate conservation laws for such couplings of N < 3 self-dual 
theories. 



6 Concluding remarks 



We have demonstrated that the self-dual Yang-Mills equations afford supersymmetrisation 
beyond the conventionally 'maximal' N = 4 extension and thus yield non-trivial four- 
dimensional Lorentz covariant systems of equations invariant under N-extended rigid Poincare 
supersymmetry for arbitrary values of N. 

The self-duality constraints for the supercurvature have been shown to imply the existence 
of superfields of arbitrarily high spin and we have also demonstrated the complete equivalence 
of these constraints to the component equations of motion, which for N > 4 provide possibly 
the unique consistently coupled realisations of the zero rest-mass Dirac-Fierz equations for 
arbitrary spin fields. The consistency of our systems is actually a consequence of the ma- 
treoshka phenomenon: the iV-extended system nestles within the (N + l)-extended system 
completely intact. The extra fields of the latter have interactions governed by a source current 
which depends only on lower spin fields and which does not require modification on further 
supersymmetrisation. 

We have further demonstrated that the N > 4 systems of equations imply the conservation 
of a stress tensor, and supersymmetric generalisations. They may therefore be coupled 
nontrivially to the Einstein equations and to supergravity. This is unlike the iV < 3 self-dual 
Yang-Mills theories, which have no appropriate stress-like tensors. 

Our iV = 5 theory, moreover, is probably the unique supersymmetric theory in which 
a spin | field is coupled to a vector field, without requiring a spin 2 coupling as well for 
consistency [21|. However, our systems also allow locally supersymmetric generalisations, i.e. 
arbitrary-TV self-dual supergravities. These have spin 1, spin | and spin 2 gauge-invar iances, 
as well as both Yang-Mills and gravitational coupling constants. In chiral superspace these 
arbitrarily extended self-dual supergravity equations take the form (23) as well, with the 
covariant derivatives being generally covariant ones in chiral superspace p2| . The systematic 
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unravelling of these constraints requires a generalisation of the procedure presented in this 
paper. The appropriate generalisation of the P-gauge, which eliminates all ^-dependence of 
diffeomorphism as well as gauge-transformation parameters has been discussed by us in [23]. 

Our super self-dual systems provide an infinitely large enhancement of an already rich class 
of conformally invariant exactly soluble systems in four dimensions (the N = self-duality 
equations), a supersymmetric version of the twistor transform providing a method of con- 
structing explicit solutions [12, 113]. In view of recent discussions about the centrality of the 
self-dual Yang-Mills equations and their twistor transform in the theory of integrable systems 
(e.g. [24]), the significance of these extensions seems obvious. Reductions are likely to yield 
all possible integrable couplings of the lower dimensional systems hitherto found to descend 
from the self-dual Yang-Mills equations. Our systems indeed provide a non-trivial self-dual 
Yang-Mills hierarchy of integrable systems. It seems likely that the recently discussed large- N 
extensions of the KdV equations [25] are reductions of our systems. 



In memoriam V. I. Ogievetsky (1928 — 1996) 



Victor Isaakovich Ogievetsky died on 23rd March, 1996. The work reported in this paper was 
largely completed in the autumn of 1995 and Victor Isaakovich worked courageously and with 
unfailing enthusiasm on this text during the difficult last months of his life. The memory of 
an imaginative physicist, an inspiring teacher and a generous soul will always endure. 
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